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The zero-temperature magnetization process of a one-dimensional S = 1
2
spin system with next-
nearest-neighbour coupling α and anisotropy δ is studied. There is a region in the parameter
space where the magnetization has a jump at certain external field. The boundary of this region
is determined. The two cases are distinguished according as α < 1
4
or α > 1
4
. In the latter case,
the energy dispersion of the low-lying excitations exhibits a double minimum structure.
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The magnetization process is one of the interesting
topics in the study of low-dimensional quantum spin sys-
tems. In particular, the one-dimensional systems at low-
temperature attracted a great deal of theoretical and ex-
perimental interest because of pronounced effect induced
by quantum fluctuation in those systems. They ex-
hibit various nontrivial behaviours, e.g., the middle-field
cusp singularity,1) the magnetization plateau2, 3) and the
second-order spin-flop transition.4) What we concern in
the present study is the magnetization jump similar to
the metamagnetic transition in the classical Ising-like
antiferromagnet, but it is caused by a different mech-
anism.
In this paper, we study a spin- 12 XXZ chain with
nearest-neighbour (NN) coupling J and next-nearest-
neighbour (NNN) coupling Jα in a magnetic field h. The
model is described by the Hamiltonian
H = H0 − h
L∑
i=1
Szi , (1)
H0 = J
L∑
i=1
(hi,i+1 + αhi,i+2), (2)
hi,j = S
x
i S
x
j + S
y
i S
y
j + δS
z
i S
z
j , (3)
where Si’s represent the S =
1
2 spin operators on the
chain, and L is the total number of spins. The periodic
boundary condition Si+L = Si is assumed. Hereafter,
we set J > 0 and take a unit so that J = 1. The model
has been studied extensively. In the absence of exter-
nal fields, it exhibits a variety of phenomena associated
with competing interaction such as spontaneous dimer-
ization5, 6, 7) and incommensurate spin correlations.8, 9)
We shall concentrate on the region 0 ≤ α ≤ 12 ,−1 <
δ < 0 where an anomalous behaviour in the magnetiza-
tion process was reported:10) In a region of parameter
space, namely, δf (α) < δ < δc(α), there exists a critical
field hc at which the magnetization jumps to its max-
imum value ms =
1
2 (see Fig. 1). It should be noted
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Fig. 1. The zero-temperature magnetization curves for α = 0.25
and δ = 0.0,−0.25,−0.5. The thin lines show the finite-size
results for L = 18 and 20. The magnetization (per site) m is
normalized by the saturation magnetization ms =
1
2
. The thick
lines represent the estimated limiting (L → ∞) curves. For
δ = −0.25 and −0.5, there exists a critical field hc at which the
magnetization jumps to the saturation value ms.
that the model has competing NN and NNN exchange
couplings in the easy-plane (XY -plane), while there is
no competition in the z-axis although couplings are rela-
tively weak. It is responsible for the existence of the mag-
netization jump: The system prefers to oder in the XY -
plane but NNN coupling introduces frustration. There-
fore, it becomes energetically preferable to order along
the z-axis for sufficiently large α and |δ|. For δ < δf , the
zero-field ground state becomes the completely aligned
(ferromagnetic) state with m = 12 .
The purpose of this paper is to determine the bound-
ary δ = δc(α) of the region where the magnetization
jump takes place.11)
First, we discuss the condition that the magnetization
jump occurs. For the magnetization curve to be smooth,
ǫ0(m), the lowest energy eigenvalue (per site) for the
1
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Fig. 2. (a) Schematic curve of ǫ0(m) in the case when the magne-
tization jump occurs. There is a region in which ǫ′′0 is negative.
The line with slope hc is also shown where hc is a critical field.
(b) Magnetization curve corresponding to ǫ0 of (a).
Hamiltonian H0 in the fixed m =
∑
Szi /L sector, must
be monotonically increasing in m and convex for 0 <
m < ms =
1
2 ;
ǫ′′0(m) =
d2ǫ0(m)
dm2
> 0 . (4)
On the other hand, if there exists a region where ǫ′′0 ≤
0, then the magnetization jumps over that region as
schematically shown in Figs. 2(a) and 2(b). Thus, the
presence of such a region as ǫ′′0 ≤ 0 means that the mag-
netization jump occurs. The quantity ǫ′′0 (m) can be es-
timated from
ǫ′′0(m) = lim
L→∞
L×∆(m), (5)
where
∆(m) = E
(
m+
1
L
)
+ E
(
m−
1
L
)
− 2E(m).
In the case of our model, the problem of determining the
boundary curve δ = δc(α) is simplified. The results of
the exact diagonalization suggest that the critical mag-
netization mc increases as δ is increased and reaches ms
at δ = δc. It indicates that
ǫ′′0 |m= 1
2
−0 ≤ 0 (6)
at least for δ <∼ δc [see Figs. 1, 3(a) and 3(b)]. The bound-
ary δc is a line where ǫ
′′
0 |m= 1
2
−0 changes sign. Therefore,
we have merely to consider up to two-spin deviations
from the completely aligned state for our purpose. We
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Fig. 3. (a) Them-dependence of ǫ0 and (b) magnetization curves
of the S = 1
2
XXZ chain with NNN interaction in the case when
δf ≤ δ ≤ δc. The dotted line indicates the critical magnetization
mc(δ).
put ∆(1) = ∆(12 −
1
L
);
∆(1) = E
(2)
0 − E
(0)
0 − 2
[
E
(1)
0 − E
(0)
0
]
, (7)
where E
(0)
0 denotes the energy of the ferromagnetic state
and E
(n)
0 the lowest energy of the states with n-spin de-
viations from the ferromagnetic state. For δ > δf , the
ferromagnetic state is not a ground state of the Hamilto-
nian H0. However, we shall call those n-deviation states
as n-magnon states although they are not the excitations
from the ground state.
We now obtain the energy spectrum of one- and two-
magnon states. We rewrite the Hamiltonian (2) in term
of fermion creation and annihilation operators with mo-
mentum k, a+k and ak, via Jordan-Wigner transforma-
tion. The Hamiltonian becomes
H = E
(0)
0 +
∑
k
ωqa
+
q aq
−
1
L
∑
1,2,3,4
δ1+2,3+4Γ1,2,3,4a
+
1 a
+
2 a3a4, (8)
where

E
(0)
0 =
1
4 (1 + α)δL
ωq = cos q − δ + α(cos 2q − δ)
Γ1,2,3,4 = δ cos(q2 − q4) + αδ cos (2(q2 − q4))
+2α cos(2q1 + q2 − q3)
,
and we have used shorthand notations 1, 2, 3, 4 for
q1, q2, q3, q4. In eq. (8), E
(0)
0 and ωq represent the en-
ergy of the ferromagnetic state |0〉 and the excitation
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Fig. 4. Energy spectrum of one-magnon states. For α > 1
4
, two
minima appears at q = ±q0 where q0 = arccos(−
1
4α
).
spectrum of the one-magnon state with momentum q, re-
spectively. For α ≤ 14 , ωq has a single minimum at q = π,
while, for α > 14 , the minimum shifts from q = π and
two minima appears at q = ±q0 where q0 = arccos(−
1
4α )
(Fig. 4).
The total wave number Q of two magnons to be con-
served, thus we write two-magnon state as
|Q〉 =
∑
q>0
fQ(q)a
+
q1
a+q2 |0〉, (9)
where
Q = q1 + q2 , q =
1
2
(q1 − q2) .
Let us solve the eigenvalue equation
H |Q〉 = E|Q〉, (10)
where E is the energy eigenvalue of the two-magnon
state. Taking the inner product of both side of eq. (10)
with every basis state 〈0|aq1aq2 , we obtain the following
equation:
[E − γQ,q]fQ(q) =
4
L
∑
κ>0
fQ(κ)[χQ sin q sinκ
+αδ sin 2q sin 2κ], (11)
where {
γQ,q = E
(0)
0 + ωq1 + ωq2
χQ = δ + 2α cosQ
.
Here, γQ,q represents the energy of the free two-magnons
with total wave number Q = q1 + q2, and forms a con-
tinuum for each value of Q.
We are interested in whether there exists a solution
of eq. (11) which gives ∆(1) < 0. Hence, it is sufficient
to look for the solution satisfies E < γQ,q, i.e., the two-
magnon bound states below the continuum [cf. eq. (7)].
Then, the eigenvalue equation reduces to (see, for in-
stance, ref. 12)
DQ(E) =
∣∣∣∣∣∣
1− 2χQI
2,0
Q −2αδI
1,1
Q
−2χQI
1,1
Q 1− 2αδI
0,2
Q
∣∣∣∣∣∣ = 0 , (12)
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Fig. 5. The results of ∆(1) for α = 0.25 and α = 0.3. There is a
point δc where ∆(1) vanishes, which is a boundary of the region
where the magnetization jump occurs.
where
I l,mQ (E) =
2
L
∑
q>0
sinl q sinm 2q
E − γQ,q
L→∞
−→
1
π
∫ pi
0
dq
sinl q sinm 2q
E − γQ,q
. (13)
It is the sufficient and necessary condition for the bound
state lying outside of the continuum to exist; i.e., such
bound states exists if and only if eq. (12) folds. The
explicit solution of (12) is found analytically for several
values of α, δ and Q. It is investigated numerically for
general case.
Figure 5 shows the results of ∆(1) for α = 0.25 and
0.3. It can be seen that there exists a point δc at which
∆(1) vanishes for each value of α and that ∆(1) is neg-
ative for δ < δc which suggests the magnetization jump
to occur.15) In Fig. 6, the result is compared with the
one obtained from the diagonalization of the finite chain
Hamiltonian for rather large systems (L = 20-156) at
α = 0.25, δ = −0.25. Note that there is a weak oscil-
latory behaviour in the finite-size results. For α > 14 ,
there appears rapid oscillation, thus it becomes difficult
to estimate a limiting value of ∆(1) from the finite chain
calculation.
In Fig. 7, the curve δc(α) is shown in the α-δ plane.
The magnetization jump occurs in the region enclosed by
the two curves δc and δf .
16) The ground-state phases in
the absence of external fields are also shown;17) there
are three phases, namely, the spin fluid phase which
is characterized by the gapless excitation and critical
behaviour, the spontaneously dimerized phase and the
ferromagnetic phase. From Fig. 7, it can be clearly seen
that the curve δc has a kink at α =
1
4 . It results from the
fact that the dispersion curve of the one-magnon states
changes its shape at α = 14 : For α <
1
4 , it has a sin-
gle minimum at q = π, while, for α > 14 , two minima
appears. The lowest lying state should consist of bound
pairs of magnons with q ≃ π for the former case and with
±q0 for the latter case.
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Fig. 6. Comparison with the result from the numerical diago-
nalization. Open circles denotes the finite chain results for
L = 20-156. The result obtained from eq. (12) is ∆(1) =
−1.43× 10−5.
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Fig. 7. The phase diagram in the α-δ plane. The magnetization
jump occurs in the region enclosed by the two curves δc (◦) and
δf (•). The zero-field ground-state phase diagram is also shown;
the boundary of the ferromagnetic phase δf and the dimer-spin
fluid phase boundary (dashed line).
To summarize, we determined the boundary of the
region in which the magnetization jump occurs in the
S = 12 XXZ chain with easy-plane anisotropy and NNN
interaction in the case of 0 < α < 12 . It was shown that
the α-dependence of the boundary curve δc is qualita-
tively different according as α < 14 or α >
1
4 . For α >
1
4 ,
the region that the magnetization jump occurs shrinks
with increasing α in contrast to the case of α < 14 . It
reflects the fact that the energy dispersion curve of the
low-lying excitation develops the double minimum struc-
ture beyond the line α = 14 .
One might be interested in how the system is in the
case when the external field h is close to the critical field
hc. One of the possible situation is that there are clusters
of up-spins separated by fluid-like domains.
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